The gravitational-wave background from supermassive binary black holes (SMBBHs) has yet to be detected. This has led to speculations as to whether current pulsar timing array limits are in tension with theoretical predictions. In this paper, we use electromagnetic observations to constrain the SMBBH background from above and below. To derive the maximum amplitude of the background, we suppose that equalmass SMBBH mergers fully account for the local black hole number density. This yields a maximum characteristic signal amplitude at a period of one year A yr < 2.4 × 10 −15 , which is comparable to the pulsar timing limits. To derive the minimum amplitude requires an electromagnetic observation of an SMBBH. While a number of candidates have been put forward, there are no universally-accepted electromagnetic detections in the nanohertz band. We show the candidate 3C 66B implies a lower limit, which is inconsistent with limits from pulsar timing, casting doubt on its binary nature. Alternatively, if the parameters of OJ 287 are known accurately, then A yr > 6.1 × 10 −17 at 95% confidence level. If one of the current candidates can be established as a bona fide SMBBH, it will immediately imply an astrophysically interesting lower limit.
INTRODUCTION
The detection of gravitational waves (GWs) from several stellar-mass compact binary merger events (Abbott et al. 2016a (Abbott et al. , 2017a by ground-based laser interferometers Advanced LIGO (Aasi et al. 2015) and Advanced Virgo (Acernese et al. 2015) heralded a new era of GW astronomy. In parallel to ground-based detectors that are monitoring the audio band (∼ 10 − 10 3 Hz) of the GW spectrum, decades of efforts have gone into opening the nanohertz frequency (10 −9 − 10 −7 Hz) window (Sazhin 1978; Detweiler 1979; Hellings & Downs 1983; Jenet et al. 2005; Hobbs et al. 2010; . These experiments, called pulsar timing arrays (PTAs; Foster & Backer 1990) , use a number of ultra stable millisecond pulsars collectively as a Galactic-scale GW detector.
Previous PTA searches (e.g., Yardley et al. 2011; van Haasteren et al. 2011; Demorest et al. 2013 ) have primarily targeted a GW background (GWB) formed by a cosmic population of supermassive binary black holes (SMBBHs; E-mail: xingjiang.zhu@monash.edu Begelman et al. 1980) . Assuming that binaries are circular with the orbital evolution driven by GW emission, the characteristic amplitude h c of such a background signal can be well described by a power-law spectrum h c ∼ f −2/3 with f being GW frequency (Phinney 2001) ; the amplitude at f = 1 yr −1 , denoted by A yr , can be conveniently used for comparing steadily-improving experimental limits and different model predictions. Prior to the formation of timing arrays, Kaspi et al. (1994) used long-term observations of two pulsars to constrain A yr ≤ 2.6 × 10 −14 with 95% confidence (the same confidence level applied for limits quoted below). Jenet et al. (2006) reduced this limit to 1.1 × 10 −14 using a prototype data set of the Parkes Pulsar Timing Array (PPTA; . Since the establishment of three major PTAs, including PPTA, NANOGrav (McLaughlin 2013) and the European PTA (EPTA; Kramer & Champion 2013) , the constraints have been improved by an order of magnitude over the last decade. Currently the best published upper limit on A yr is 1 × 10 −15 by the PPTA (Shannon et al. 2015) with comparable results from the other two PTAs Arzoumanian et al. 2018) . The three PTAs have joined together to form the Interna-tional Pulsar Timing Array (IPTA; Verbiest et al. 2016 ), aiming at a more sensitive data set.
Over the past two decades, theoretical predictions of A yr have also evolved. Rajagopal & Romani (1995) considered several mechanisms that can drive SMBBHs into the GW emission regime and obtained an estimate of A yr = 2.2 × 10 −16 . Jaffe & Backer (2003) used galaxy merger rate estimates and the scaling relation between black hole mass and the spheroid mass of its host galaxy to compute the GWB spectrum; they confirmed the power-law relation and found A yr ∼ 10 −15 . Subsequently, Wyithe & Loeb (2003) employed a comprehensive set of semi-analytical models of dark matter halo mergers and the scaling relation between black hole mass and the velocity dispersion of its host galaxy; they found that the GWB is dominated by sources at redshifts z 2. Most of recent studies generated consistent results with median values at A yr ≈ 1 × 10 −15 (Sesana et al. 2008; Sesana 2013; Ravi et al. 2014) , whereas some suggested that the signal may be a factor of two stronger (Kulier et al. 2015) or even a factor of four stronger (McWilliams et al. 2014) .
Theoretical prediction of the GWB is essential to the interpretation of current PTA upper limits. In Shannon et al. (2015) , theoretical models that predict typical signals of A yr 1 × 10 −15 were ruled out with high ( 90%) confidence. It was further suggested that the orbital evolution of SMBBHs is either too fast (e.g., accelerated by interaction with ambient stars and/or gas) or stalled. Such a tension between models and observations can be eliminated using different black hole-host scaling relations (Sesana et al. 2016) . Recently, Middleton et al. (2018) quantified this problem within a Bayesian framework by comparing a wide range of models with the PPTA limit and found that only the most optimistic scenarios are disfavoured.
Furthermore, understanding uncertainties in A yr predictions is critical to the evaluation of future detection prospects. For example, in Taylor et al. (2016) , the model of Sesana (2013) was used in combination with PTA upper limits to calculate the time to detection of the GWB. Based on simple statistical estimates, they suggested ∼ 80% of detection probability within the next ten years for a large and expanding timing array. Needless to say, this statement hinges on accurate predictions of the minimum GWB. Dvorkin & Barausse (2017) attempted to make such a prediction within a semi-analytical galaxy formation model by artificially stalling all SMBBHs at the orbital separation from which GW can drive binaries to merge within a Hubble time; they suggested that a PTA based on the Square Kilometre Array (SKA; Lazio 2013) is capable of making a detection in this least favourable scenario. Recently, Bonetti et al. (2018) and Ryu et al. (2018) showed that this scenario might be too pessimistic because triple/multiple interactions can drive a considerable fraction of stalling binaries to merge; both suggested that the GWB is unlikely to be lower than A yr ∼ 10 −16 .
In this paper, we first assess the implication of current PTA upper limits. We approach this issue differently from previous studies. We point out that the local black hole mass function, an electromagnetically determined measure of the number density of black holes as a function of mass, implies a constraint on A yr . If we suppose all black holes are produced by equal-mass SMBBH mergers, then the black hole mass function gives us a maximum GWB amplitude.
Second, we present a novel Bayesian framework to infer the SMBBH merger rate based on a gold-plated detection of a single system. The derived merger rate can be combined with the system chirp mass to compute the GWB signal amplitude using the practical theorem of Phinney (2001) . We consider several SMBBH candidates with inferred masses and orbital periods, and derive lower bounds on A yr . This paper is organized as follows. In Section 2, we review the formalism of Phinney (2001) and provide two useful equations for quick computation of A yr . In Section 3, we derive the maximum signal amplitude from several black hole mass functions. In Section 4 we present the Bayesian framework for inferring the SMBBH merger rate from a single system. We apply this method to several SMBBH candidates to derive plausible lower bounds of A yr . Finally, Section 5 contains summary and discussions.
THE FORMALISM
In this section we present a phenomenological model for the GWB formed by a population of SMBBHs in circular orbits. We start from the calculation of Ω GW ( f ) -the GW energy density per logarithmic frequency interval at observed frequency f , divided by the critical energy density required to close the Universe today ρ c = 3H 2 0 c 2 /8πG. Here H 0 is the Hubble constant. Assuming a homogeneous and isotropic Universe, it is straightforward to compute this dimensionless function as (see Phinney 2001, for details) :
where N(z) is the spatial number density of GW events at redshift z; the (1+z) factor accounts for the redshifting of GW energy; f r = f (1 + z) is the GW frequency in the source's cosmic rest frame, and d f r (dE GW /d f r ) is the total energy emitted in GWs within the frequency interval from f r to f r + d f r . There are two other quantities that are commonly used for the characterization of a GWB, namely, the onesided spectral density S h ( f ) and the characteristic amplitude h c ( f ). They are related to Ω GW ( f ) by (Maggiore 2000) :
In the Newtonian limit, the GW energy spectrum for an inspiralling circular binary of component masses m 1 and m 2 is given by (Thorne 1987) :
where M c is the chirp mass defined as M c = Mη 3/5 , with M = m 1 +m 2 being the total mass and η = m 1 m 2 /M 2 being the symmetric mass ratio. Equation (3) is a good approximation up to the frequency at the last stable orbit during inspiral f max 4.4 kHz/(M/M ). The merger and ringdown processes occur beyond the PTA band and thus their contribution to the GWB is ignored (Zhu et al. 2011) . For SMBBHs, if we assume that 1) the binary can reach a separation of ∼ 1 pc so that dynamical friction becomes ineffective; and 2) the binary hardens through the repeated scattering of stars in the core of the host, then there exists a minimum frequency f min for equation (3) to be valid as given by (Quinlan 1996) :
The characteristic amplitude of the GWB formed by a cosmological population of SMBBHs in circular orbits is given by:
where d 2 N dM c dz is the number density (per unit comoving volume) of SMBBH mergers within chirp mass range between M c and M c + dM c , and a redshift range between z and z + dz. The integration is typically performed over 10 7 − 10 10 M for M c and 0 − 2 for z (see, e.g., Sesana 2013) . In this work, we assume that the binary orbital evolution above f min is driven solely by GWs. This leads to a h c ∼ f −2/3 relation for the frequency band (1 nHz f 100 nHz) of interest to PTAs (Sesana 2013; Ravi et al. 2014; McWilliams et al. 2014) .
To compute h c ( f ), one needs to know the distribution of SMBBHs in chirp mass and redshift. Previous studies relied on galaxy merger rate as a function of redshift, which are typically derived from cosmological simulations of galaxy formation or observations of galaxy pair fraction combined with galaxy merger timescale, and various black hole-host galaxy scaling relations. In this work, we take a different approach. First of all, we note that equation (5) can be simplified by assuming that there is no redshift dependency for black hole mass distribution. While this is incorrect, we show in the next sections that its effect is small.
Below we provide two useful equations for computing h c in convenient numerical forms. The first is adapted from Zhu et al. (2013) and states
where r 0 is the local SMBBH merger rate density. A second form is adapted from Phinney (2001) 
where N 0 is the present-day comoving number density of SMBBH merger remnants. In both equations above, M 5/3 c represents the average contribution of coalescing binaries to the energy density of the GWB, and we have defined the following quantity (e.g., Zhu et al. 2013 )
Here z min = max(0, f min / f − 1) and z max = min(z , f max / f − 1) with z representing the beginning of source formation, and e(z) is a dimensionless function that accounts for the cosmic evolution of merger rate density. We set z min = 0 and z max = 2 since sources in this redshift range make the majority contribution to the GWB. Throughout this paper, we assume a standard ΛCDM cosmology with parameters H 0 = 67.8 km s −1 Mpc −1 , Ω m = 0.308 and Ω Λ = 0.692 (Planck Collaboration et al. 2016) . In Equations (6-7), I −4/3 = 0.63 and I −4/3 /I −1 = 0.86 are used as fiducial values in the case of e(z) = 1, i.e., the merger rate remains constant between z = 0 and z = 2. Both factors are insensitive to details of e(z). For example, assuming e(z) = (1 + z) m , (I −4/3 /0.63) 1/2 only increases from 0.83 for m = −1 to 1.26 for m = 1, whereas the change in (I −4/3 /0.86I −1 ) 1/2 is even smaller -only varying from 1.01 for m = −1 to 0.99 for m = 1.
The focus of this paper is to the maximum and minimum GWB signal amplitudes, represented by A yr for the power-law model
THE MAXIMUM SIGNAL
The black hole mass function defines the number density of black holes as a function of mass. Assuming that all the black holes were produced by equal-mass binary mergers and that mass function does not evolve across cosmic time 1 , the double integral in Equation (5) can be factorized, leading to the following quantity which defines the maximum signal amplitude allowed by the local black hole mass function
where f yr = yr −1 3.17 × 10 −8 Hz, η max = 0.25 is the maximum value of η when m 1 = m 2 , dN/dM is the black hole mass function at z = 0. In Equation (10) M denotes masses of the final black holes produced by SMBBH mergers. We assume 10% of rest-mass energy is radiated away in GWs during the inspiral-merger-ringdown process 2 , the binary total mass is 1.1M, which determines the GW emission during inspirals.
Here we consider a range of mass functions determined with different black hole-host scaling relations (Marconi et al. 2004; Li et al. 2011; Shankar 2013; Ueda et al. 2014; Mutlu-Pakdil et al. 2016) . We provide details of these models in Appendix A and summarize our results here. In Figure 1 , we plot the probability distribution of A max yr , where the spread is directly translated from measurement uncertainties in black hole mass functions (shown in Figure A1 ) through Monte-Carlo simulations.
Among the mass functions considered, the model by Shankar (2013) yields the highest median A max yr at 1.8×10 −15 . While the maximum possible GWB could be this high, there are good reasons to expect it to be lower. First, a uniform distribution of mass ratio (q = m 2 /m 1 ) between 0 and 1 gives an average η = 0.193. This corresponds to a factor of η max / η = 1.14. Second, a more realistic radiation efficiency is 5%, resulting in a factor of (1.1/1.05) 5/6 = 1.04. Third, we make use of the black hole mass function at higher redshifts to compute the following quantity:
Using the data presented in Ueda et al. (2014) , we find A z = 1.1 for M min = 10 7 M and M max = 10 10 M . Overall, a more realistic estimate would be multiplying A max yr as given by Equation (10) 
THE MINIMUM SIGNAL
Suppose that there is a gold-plated detection of SMBBH system with measured chirp mass, orbital period and distance. We show here that it can be used to derive a lower limit on the GWB. A similar approach has been taken to estimate contributions from stellar-mass binary mergers to a GWB signal in the ground-based detector band. For example, the first binary black hole merger GW150914 (Abbott et al. 2016b ) and the first binary neutron star inspiral GW170817 (Abbott et al. 2017a) were both used to infer the corresponding GWB level, for which the uncertainty is dominated by Poissonian errors of the merger rate (Abbott et al. 2016c (Abbott et al. , 2018 ).
Here we begin with the description of our framework for performing Bayesian inference on the SMBBH merger rate, and then apply it to several well-established SMBBH candidates. First, a naive estimator (r 0 ) for the merger rate density r 0 associated with a single SMBBH iŝ
where , taking values between 0 and 1, is the detection efficiency whose definition is discussed in detail below; V 0 is the comoving volume at the source (comoving) distance d, which is given by (4π/3)d 3 ; T c is the binary coalescence time as a result of gravitational radiation. For a circular binary, T c is given by (Thorne 1987 )
where f 0 = 1/P b is the observed binary orbital frequency with P b being the orbital period. For a binary with measured eccentricity e 0 , the coalescence time can be well approximated by multiplying the above equation by exp(−4e 2 0 ) if e 0 0.7.
The electromagnetic detection of an SMBBH will encode two pieces of information: that there is at least N = 1 SMBBH and that it was observed at a (co-moving) distance ofd. The true distance is d (no hat). The detection efficiency in Equation (12) is used to account for two factors. First, it accounts for the incompleteness of the survey that discovered the SMBBH system. For example, the search may have only covered part of the sky. Second, it accounts for the fact that nearby binaries could be missed even if they are in the sky region included in the survey. For example, if there are two binaries with identical component masses, distances, and orbital period, but with different viewing angles, one may be detectable while the other is not (see, e.g., the scenario discussed in D' Orazio et al. 2015) . For the purpose of estimating the minimum signal, we assume = 1, which underestimates the merger rate.
In reality, many SMBBH candidates, such as those considered in our study, have been discovered serendipitously; they were not discovered via a systematic survey. However, we can model these serendipitous discoveries by parameterizing the unknown detection efficiency. We parameterize this efficiency curve as a step function, which is unity for d < d max and zero for d > d max . This is a reasonable approximation given the rate at which distant objects become dimmer with distance. Having made this assumption, we use the data itself to infer d max . The physical interpretation of dmax is that it is the "effective maximum detection distance" for whatever measurements led to the discovery of an SMBBH candidate. We model the likelihood of the observation of an SMBBH as L(N, d|d, r 0 , d max ) where N = 1 is the number of observed SMBBH in some observable volume. The likelihood is a Poisson distribution
where λ, the average number of SMBBH,
depends on the rate r 0 , the visible volume V = (4π/3)d 3 max , and the binary coalescence time T c . By introducing a delta function δ(d −d), we assume that the distance is measured with high precision. Assuming that sources are uniformly distributed in comoving volume up to d max , the conditional probability of observing one source at distance d is given by
where Θ is the Heaviside step function: Θ(x) = 1 for x ≥ 0 and Θ(x) = 0 otherwise. Applying Bayes' theorem, we obtain a posterior distribution for the rate r 0 and the maximum distance d max :
Marginalizing over d, we obtain
Marginalizing over d max lead to a posterior on r 0 . We assume a log-uniform prior for r 0 and a uniform prior for d max . Comparing a log-uniform prior with uniform prior, our choice of priors is conservative as it put more a priori weights on lower r 0 and larger d max . The prior range for r 0 and d max is from 0 to infinity and fromd to infinity. We convert the posterior on r 0 to a posterior on A yr using Equation (6) c . HereM c is the measured chirp mass for the SMBBH system in question; such a treatment justifies the assumption in Equation (6) that the mass distribution is independent of redshift. As already mentioned, I −4/3 is insensitive to the merger rate evolution within z ≤ 2; the associated uncertainty is ≈ 50%, which is much smaller than the Poissonian uncertainty of the merger rate.
We apply the framework developed here to some wellestablished individual SMBBH candidates with reported estimates of masses, orbital period and eccentricity. Table 1 lists key parameters of these candidates and median values of r 0 and A yr . Note that all five binary candidates considered here are in the PTA band, i.e., with O(10)-yr periods or subpc orbital separations. SMBBH candidates with much longer periods contribute negligibly to the conservative merger rate estimates derived here (r 0 ∝ T −1
). In Figure 2 we plot the inferred r 0 as a function of chirp mass. There are a couple of features worthy of remark. First, it is apparent that the derived merger rate for 3C 66B is four orders of magnitude above that of OJ 287 or NGC 5548, with both having similar chirp masses. The reason that 3C 66B produces such a high merger rate is due to its very short merger time. If it is a true binary, it is expected to merge in only 500 years, whereas others will typically merge in 1 Myr. OJ 287 is an exception to the previous sentence: if it is real, it will merge in 10 4 years. However, it is also much further away than 3C66B, which prevents the merger rate from being as high. The high rate implied by 3C 66B cannot be explained by the uncertainty in mass estimates. Reducing the chirp mass by a factor of two, the typical uncertainty claimed in Iguchi et al. (2010) , would only decrease merger rate by a factor of 2 5/3 = 3.2. Furthermore, if 3C 66B is a Table 1 for details). The shaded horizontal band corresponds to estimates of galaxy merger rate presented in Conselice (2014) .
true SMBBH system, the implied GWB amplitude is nearly two orders of magnitude above the current PTA upper limit A yr ≤ 1 × 10 −15 (see Table 1 ). In Section 4.1, we use the PTA limit to rule out parameter space in (m 1 , m 2 ) for 3C 66B.
Second, r 0 inferred from the other four systems are consistent with current estimates of galaxy merger rate density r g , which is shown as a shaded horizontal band in Figure 2 . For the purpose of illustration, the lower edge of this band corresponds to the lowest estimate (r g ∼ 2.5 × 10 −5 Mpc −3 Gyr −1 ) presented in Conselice (2014) for galaxy stellar mass above 10 11 M within z ≤ 1, and the upper edge corresponds to the highest estimate (r g ∼ 6.3 × 10 −4 Mpc −3 Gyr −1 ) for galaxy stellar mass above 10 10 M within z ≤ 1; see bottom panels of fig. 13 therein.
In the following two subsections, we discuss two special candidates: 3C 66B and OJ 287.
3C 66B
The elliptical galaxy 3C 66B is located at a redshift of 0.0213. Sudou et al. (2003) observed variations in the radio core position with a period of 1.05 years and interpreted this as due to the orbital motion of an SMBBH. The proposed binary system, with inferred total mass of 5.4 × 10 10 M and mass ratio of 0.1, was subsequently ruled out with 95% confidence by Jenet et al. (2004) using timing observations of PSR B1855+09 presented in Kaspi et al. (1994) . Iguchi et al. (2010) × 10 8 M assuming a circular orbit. We note that this is below current PTA sensitivities on individual SMBBHs (see, e.g., Zhu et al. 2014 ).
Following the procedure described above, we compute m 2 ) , the observed binary orbital period (P b ) and eccentricity (e 0 ). Note that e 0 = 0 was assumed for 3C 66B and Mrk 231 in the original publications. Mass errors for NGC 4151 and Mrk 231 are either unavailable or difficult to interpret and thus ignored. References: (1). Iguchi et al. (2010) , (2). Valtonen et al. (2016) , (3). Li et al. (2016) , (4). Bon et al. (2012) , (5). Yan et al. (2015) . We also derive the binary chirp mass (M c ), the coalescence time T c and the median estimates of the SMBBH merger rate r 0 and the GWB signal amplitude A yr . Figure 3 . The probability p(A yr > 10 −15 ) if 3C 66B is a true SMBBH system. The red shaded box encompasses the (presumably) 68% confidence intervals reported in Iguchi et al. (2010) .
the probability distribution of the GWB signal amplitude A yr if we take 3C 66B as a true SMBBH system. We fix the orbital period at 1.05 years; Given its small uncertainty of 0.03 years, our results are not significantly affected by such a simplification. Figure 3 shows the probability that A yr > 10 −15 for a range of masses 3 . The red shaded box encompasses the (presumably 68% confidence) error region reported in Iguchi et al. (2010) , whereas the blue circle marks the median estimate. One can see that the median masses can already be ruled out by current PTA upper limits with more than 99% confidence, whereas the entire error box is in tension with PTA observations with 95% probability. This implies that 3C 66B is unlikely to contain an SMBBH. 
OJ 287
OJ 287 is a BL Lac object with 12-year quasi-periodic variations in optical light curves. Its observations dated back to 1890s and it was proposed as an SMBBH candidate first by Sillanpaa et al. (1988) with later refinement by Valtonen et al. (2008) . Here the model is that a secondary black hole is in an eccentric orbit around a primary black hole, crossing the accretion disk of the primary once every 12 years. This binary system is described with the following parameters: (m 1 , m 2 ) = (1.83 × 10 10 , 1.5 × 10 8 ) M , orbital eccentricity e = 0.7, observed orbital period P b = 12.07 yr and redshift z = 0.3056 (Valtonen et al. 2016 ), leading to a short merger time T c = 1.6 × 10 4 yr. The spin of the primary black hole is ignored as its effect on the GWB at low frequencies is negligible (Zhu et al. 2011) . We compute probability distribution p(A yr ) under the assumption that OJ 287 is a true SMBBH system. First, the naive estimator of merger rate given by Equation (12) is 1.1× 10 −5 Mpc −3 Gyr −1 . Figure 4 shows the posterior probability of the merger rate density r 0 and d max . The red vertical line Figure 5 . The probability distribution of the GWB amplitude A yr under the assumption that OJ 287 is a true SMBBH system. The red vertical line marks the PTA upper limit of 10 −15 . The shaded region corresponds to 90% confidence interval. marks the naive estimatorr 0 . After marginalizing over the unknown d max , we find the merger rate density of OJ 287-like SMBBHs to be in (2.3×10 −7 , 8.5×10 −6 ) Mpc −3 Gyr −1 with 68% confidence. Figure 5 shows the probability distribution of the GWB amplitude A yr transformed from the marginalized posterior distribution of merger rate. We find that 1) A yr lies between 1.6 × 10 −16 and 9.7 × 10 −16 with 68% confidence and 2) A yr > 6.1 × 10 −17 with 95% confidence.
SUMMARY AND DISCUSSIONS
We summarize our main results in Figure 6 . The shaded regions are determined by the minimum and maximum amplitudes derived in this work. The maximum is the 95% confidence upper limit A yr ≤ 2.4 × 10 −15 , if we consider five models of black hole mass function to be equally likely in Section 3. The minimum is the 95% confidence lower limit A yr ≥ 6.1 × 10 −17 if OJ 287 is a true SMBBH system. If at least one of OJ 287, NGC 5548, NGC 4151 and Mrk 231 host a true SMBBH with parameters inferred in the literature, A yr ≥ 5.6 × 10 −18 with 95% confidence. Red triangles mark the 95% confidence upper limits from three PTA experiments 4 : 1 × 10 −15 from PPTA (Shannon et al. 2015) , 1.45 × 10 −15 from NANOGrav (Arzoumanian et al. 2018 ) and 3 × 10 −15 from EPTA .
Our calculations of the maximum amplitude provide a straightforward interpretation of PTA upper limits -if the Table 1 extrapolated to twice the observed orbital frequency for several SMBBH candidates.
GWB signal was stronger, we would have been able to see more single black holes left over from SMBBH merger events. We conclude that existing PTA limits constrain only the extremely optimistic models, in agreement with the recent work by Middleton et al. (2018) .
While current PTAs steadily increase their sensitivities and next-generation PTAs are being commissioned or planned for new telescopes such as FAST (Nan et al. 2011) , MeerKAT (Bailes et al. 2018 ) and ultimately the SKA, it is critical to understand what is the minimum level of GWB from the cosmic population of SMBBHs.
We presented in this paper a novel Bayesian framework to estimate the minimum amplitude of this highly-sought signal. We demonstrated that a single gold-plated detection of an SMBBH system in the local Universe immediately implies a lower limit on the GWB. We applied our framework to several well-established sub-parsec SMBBH candidates. We found that 3C 66B is unlikely to host an SMBBH system because if it was, it would 1) suggest a GWB signal that is inconsistent with existing upper limits at high (> 99%) confidence and 2) indicate an SMBBH merger rate that is three orders of magnitude higher than current estimates of galaxy merger rate.
If OJ 287 is a true SMBBH system with parameters suggested in Valtonen et al. (2016) , a median GWB is to have A yr = 4.7 × 10 −16 . While this may sound like a good news for PTAs, we note, however, that a lower total mass of 4 × 10 8 M was derived in Liu & Wu (2002) and further supported recently by Britzen et al. (2017) , in contrast to 1.8×10 10 M used in our calculations. This would reduce the A yr estimate by a factor of 600 (since A yr ∝ M 5/3 c ) if other parameters remain unchanged.
Blue squares in Figure 6 show the median predictions of the GWB amplitude at twice the orbital frequency for several SMBBH candidates. These sources are all in the GW dominant regime. Apart from being interesting targets for continuous GW searches, they collectively suggest a sizeable GWB signal for PTAs. Without looking into specific details of each source for which no quantified statistical significance is available, a simple argument is that A yr > 5.6 × 10 −18 at 95% confidence if at least one of these candidates is a true binary black hole with parameters inferred in the literature.
We suggest that advances in the following areas will be helpful to improve our predictions. First, quantified statistical significance of the SMBBH candidates can be built into our framework to produce more robust GWB predictions. Second, better understanding of the discovery efficiency, sensitive volume and survey completeness of various observational campaigns that search for sub-parsec SMBBHs will lead to tighter constraints on the SMBBH merger rate and the GWB amplitude.
Finally, our calculations focused on the h c ∼ f −2/3 power spectrum. The actual signal spectral shape is likely to deviate from this. First, the small number of binaries contributing to the background reduces signal power at f 1 yr −1 (Sesana et al. 2008; Ravi et al. 2012) . Second, effects of binary eccentricity (Enoki & Nagashima 2007; Huerta et al. 2015) and the interaction between SMBBHs and their environments (Sesana et al. 2004; Ravi et al. 2014) are known to attenuate the signal power at f 0.1 yr −1 (see Kelley et al. 2017 , for details). Nevertheless, the method presented here 5 is especially useful for obtaining leading-order predictions for the GWB signal. In particular, when a new SMBBH candidate is discovered, our method allows quick evaluation of its implications for the GWB, and potentially enable constraints to be placed on black hole masses. In short, an unambiguous SMBBH detection will have immediate implications to PTAs.
